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We present a numerial solution of the parquet approximation (PA), a onserving diagrammati
approah whih is self-onsistent at both the single-partile and the two-partile levels. The fully
irreduible vertex is approximated by the bare interation thus produing the simplest approximation
that one an perform with the set of equations involved in the formalism. The method is applied
to the Hubbard model on a half-lled 4 × 4 luster. Results are ompared to those obtained from
Determinant Quantum Monte Carlo (DQMC), FLutuation EXhange (FLEX), and self-onsistent
seond-order approximation methods. This omparison shows a satisfatory agreement with DQMC
and a signiant improvement over the FLEX or the self-onsistent seond-order approximation.
PACS numbers: 71.10.-w, 71.27.+a
I. INTRODUCTION
Over the past 50 years, many dierent tehniques have
been devised and employed to study strongly orrelated
eletron systems. Unfortunately, advantages of the su-
essful attempts were usually outweight by their limita-
tions. Reently, beause of the progress in omputer teh-
nology, omplex diagramati approahes have reeived
inreased attention. Although Baym and Kadano's Φ
derivability [1, 2℄ does not guarantee the physial valid-
ity of a theory, their framework enables the generation
of onserving approximations whih are guaranteed to
satisfy a variety of Ward identities. For these reasons,
the FLutuation EXhange (FLEX) approximation [3, 4℄
has been intensively studied over the years. Its major
disadvantage however is that it represents a onserving
approximation at the single-partile level only. Thus, the
physial validity of the approximation appears to be ques-
tionable as the verties are either overestimated or un-
derestimated and the Pauli exlusion priniple is not re-
speted properly [5℄. In ontrast, the parquet formalism
[6℄ introdued by de Dominiis et al. in 1964 is a on-
serving approximation whih is self-onsistent also at the
two-partile level and one may hope that it resolves at
least some of the limitations FLEX has. Unfortunately, it
has extremely ompliated struture and was, apart from
appliations to the Anderson impurity model and the 1-
D Hubbard model with small system size [7, 8℄, hitherto
also omputationally out of reah. To irumvent this
limitation, Bikers et al. introdued the so-alled pseudo-
parquet approximation [3℄ whih attempts to improve on
the FLEX without introduing the omplexity of the full
Parquet equations. But this approah fails to properly
address the full frequeny and momentum dependene of
the sattering proesses. Only very reently, due to the
great advane of the parallel omputing and the tremen-
dous inrease in omputer memory, has it beome possi-
ble to fully solve this approximation for the rst time.
The paper is organised as follows. In part I we present
the formalism and the resulting equations. In part II, we
disuss the algorithm and the numerial diulties that
arising. In part III, we present rst results obtained from
the parquet approximation (PA) for the 2-dimensional
Hubbard model and their omparison to other onserving
approximaton methods suh as FLEX and self-onsistent
seond-order approximation (SC2nd). As a benhmark,
we ompare these results against the Determinant Quan-
tum Monte Carlo (DQMC) whih provides a numerially
exat result.
II. FORMALISM
A. Vertex funtions
Standard perturbative expansions attempt to desribe
all the sattering proesses as single- or two-partile
Feynman diagrams. In the single-partile formalism
the self-energy desribes the many-body proesses that
renormalize the motion of a partile in the interating
bakground of all the other partiles. In the two-partile
ontext, with the aid of the parquet formalism, one is able
to probe the interations between partiles in greater de-
tail using the so-alled vertex funtions, whih are matri-
es desribing the two partile sattering proesses. For
example, the reduible two-partile vertex F phh (12; 34)
desribes the amplitude of a partile-hole pair sattered
from its initial state |3, 4〉 into the nal state |1, 2〉. Here,
i = 1, 2, 3, 4 represents a set of indies whih ombines
the momentum ki, the matsubara frequeny iωni and, if
needed, the spin σi and band index mi.
In general, depending on how partiles or holes are in-
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FIG. 1: (olor online) Dierent lasses of diagrams; the solid
line represents the single-partile Green's funtion and the
wavy line represents the Coulomb interation: here we use
the p-h horizontal hannel for illustration. (a) Reduible di-
agrams: an be separated into two parts by utting two hor-
izontal Green's funtion lines. (b) Irreduible diagrams: an
only be separated into two parts by utting two Green's fun-
tion lines in the other two hannels. () Fully irreduible dia-
grams : an not be split in two parts by breaking two Green's
funtion lines in any hannel.
volved in the sattering proesses, one an dene three
dierent two-partile sattering hannels. These are the
partile-hole (p-h) horizontal hannel, the p-h vertial
hannel and the partile-partile (p-p) hannel. For the
Hubbard model, the spin degree of freedom further di-
vides the partile-partile hannel into triplet and singlet
hannels while the partile-hole is divided into density
and magneti hannels.
One an further disriminate the verties aording to
their topology. Starting from the reduible vertex F in-
trodued above, we may dene the irreduible vertex Γ
orresponding to the sublass of diagrams in F that an
not be separated into two parts by utting two horizontal
Green's funtion lines. Similarly, the fully irreduible ver-
tex Λ orresponds to the sublass of diagrams in Γ that
an not be split into two parts by utting two Green's
funtion lines in any hannel. An illustration of these
dierent types of verties is provided in Fig. 1.
The Pauli exlusion priniple produes the so-alled
rossing symmetries whih in turn yield relationships be-
tween these verties in the dierent hannels. This en-
ables us to redue the independent hannels dened for
the theory to the partile-partile and the partile-hole
horizontal hannels.
B. Equations
The parquet formalism assumes the omplete knowl-
edge of the fully irreduible verties and provides a set of
equations whih are self-onsistent at both the single- and
two-partile levels. The onnetion between the single-
and two-partile quantities is through the Shwinger-
Dyson equation whih onnets the reduible vertex F
to the self-energy Σ. It is an exat equation derived from
the equation of motion and has the following form:
Σ(P ) = −
UT 2
4N
∑
P ′,Q
{G(P ′)G(P ′ +Q)G(P −Q)(Fd(Q)P−Q,P ′ − Fm(Q)P−Q,P ′)
+G(−P ′)G(P ′ +Q)G(−P +Q)(Fs(Q)P−Q,P ′ + Ft(Q)P−Q,P ′)} (1)
where G is the single-partile Green's funtion, whih
itself an be alulated from the self-energy using the
Dyson's equation:
G−1(P ) = G−10 (P ) − Σ(P ) (2)
Here, the indies P , P ′ and Q ombine momentum k and
Matsubara frequeny iωn, i.e. P = (k, iωn).
The reduible and the irreduible verties in a given
hannel are related by the Bethe-Salpeter equation. It
has the following form:
Fr(Q)P,P ′ = Γr(Q)P,P ′ +Φr(Q)P,P ′ (3)
Fr′(Q)P,P ′ = Γr′(Q)P,P ′ +Ψr′(Q)P,P ′ (4)
where r = d or m for the density and magneti hannels
respetively and r′ = s or t for the singlet and triplet
hannels, and we are using the vertex ladders whih are
dened as:
Φr(Q)P,P ′ ≡
∑
P ′′
Fr(Q)P,P ′′χ
ph
0 (Q)P ′′Γr(Q)P ′′,P ′ (5)
Ψr′(Q)P,P ′ ≡
∑
P ′′
Fr′(Q)P,P ′′χ
pp
0 (Q)P ′′Γr′(Q)P ′′,P ′(6)
χ0 is the diret produt of two single-partile Green's
funtions and is dened aording to the partile-partile
or the partile-hole hannel.
In a similar manner, the irreduible vertex and the
fully irreduible vertex are related by the parquet equa-
tion. This set of equations expresses the fat that the
irreduible vertex in a given hannel is still reduible in
the other two hannels. The parquet equation has the
following form in the dierent hannels:
3Γd(Q)PP ′ = Λd(Q)PP ′ −
1
2
Φd(P
′ − P )P,P+Q −
3
2
Φm(P
′ − P )P,P+Q
+
1
2
Ψs(P + P
′ +Q)−P−Q,−P +
3
2
Ψt(P + P
′ +Q)−P−Q,−P (7)
Γm(Q)PP ′ = Λm(Q)PP ′ −
1
2
Φd(P
′ − P )P,P+Q +
1
2
Φm(P
′ − P )P,P+Q
−
1
2
Ψs(P + P
′ +Q)−P−Q,−P +
1
2
Ψt(P + P
′ +Q)−P−Q,−P (8)
Γs(Q)PP ′ = Λs(Q)PP ′ +
1
2
Φd(P
′ − P )−P ′,P+Q −
3
2
Φm(P
′ − P )−P ′,P+Q
+
1
2
Φd(P + P
′ +Q)−P ′,−P −
3
2
Φm(P + P
′ +Q)−P ′,−P (9)
Γt(Q)PP ′ = Λt(Q)PP ′ +
1
2
Φd(P
′ − P )−P ′,P+Q +
1
2
Φm(P
′ − P )−P ′,P+Q
−
1
2
Φd(P + P
′ +Q)−P ′,−P −
1
2
Φm(P + P
′ +Q)−P ′,−P (10)
The Bethe-Salpeter and parquet equations are also ex-
at and derived from the ategorization of the Feynman
diagrams.
The above disussion of the struture of the parquet
formalism is far from being exhaustive and is merely in-
tended to make the paper reasonably self-ontained. For
a more detailed desription of the parquet formalism, we
refer the reader to Bikers et al. [7, 9℄. Our atual goal is
to numerially solve these equations self-onsistently for
the Hubbard model on a two dimensional luster. The
algorithm for this solution is desribed in the next se-
tion.
III. ALGORITHM AND COMPUTATIONAL
CHALLENGE
The set of equations diussed above are solved self-
onsistently as illustrated in the self-onsisteny loop in
Fig. 2. One starts with a guess of the single-partile
Green's funtion or self-energy. This an, for example,
be taken from the seond-order approximation. The re-
duible and the irreduible verties are also initialized
with the bare interation. The self-onsisteny loop an
then be desribed as follows:
(i) rst we alulte the bare suseptibility χ0 whih is
given by the produt of two Green's funtions
(ii) next this bare suseptibility is used to alulate F
through the Bethe-Salpeter equation
(iii) we then proeed with updating the irreduible ver-
ties Γ by solving the parquet equation.
G
Σ
F
Γ
Λ⇐
F
χ0
i
ivv
vi
ii
iii
FIG. 2: (olor online) Shemati illustration for the dier-
ent steps in solving the parquet approximation equations self-
onsistently.
This step requires the input of the fully irreduible
vertex Λ. In the ontext of the parquet approxima-
tion whih we study here it is taken to be the bare
interation. It however an also be extrated from
some more sophistiated methods.
(iv) it is followed by a alulation of the new F through
the Bethe-Salpeter equation
(v) this value of F is then used to update the self-
energy through the Shwinger-Dyson equation
(vi) the Dyson's equation is solved for the Green's
funtion G.
This loop is repeated until onvergene of the self-energy
Σ is ahieved within a reasonable riterion.
Unfortunately, this loop beomes unstable when the
strength of the Coulomb interation is inreased or the
temperature is lowered. As we believe that this instabil-
ity is purely numerial in origin and related to the itera-
4tive nature of the algorithm, we have to extend the above
sheme to aount for this problem. For example, one
possibility is to start with an overestimated self-energy
and to damp it along with the irreduible vertex between
two iterations aording to:
Σ = α1Σnew + (1− α1)Σold (11)
Γ = α2Γnew + (1− α2)Γold (12)
where α1 and α2 are some damping parameters.
Another possibility is to rewrite the oupled Bethe-
Salpeter and parquet equations in the form f(x) = 0
and apply a variant of a Newton's root searhing method.
Then we an take advantage of the existing linear solvers
suh as BiCGS [10℄, GMRES [11℄ or the Broyden algo-
rithm [12℄.
One major advantage that the parquet formalism has
over Exat Diagonalization (ED) or Quantum Monte
Carlo (QMC) is that it sales algebraially with the vol-
ume of the system in spae-time for any hoie of pa-
rameters inluding those that lead to a sign problem in
QMC. The most time-onsuming part of the formalism
is the solution of the Bethe-Salpeter and the parquet
equations, where the omputational time sales as O(n4t )
where nt = nc × nf , nc being the number of sites on
the luster and nf the number of Matsubara frequenies.
Although the saling is better than that of ED or QMC
when the sign problem is severe, one an see that the
omplexity quikly grows beyond the apaity of usual
desktop omputers with inrasing system size, and large-
sale superomputer systems have to be employed.
Our parallel sheme and our data distribution are
based on the realization that the Bethe Salpeter equation
is the most time-onsuming part of our alulation. One
an easily see that it deouples niely with respet to the
bosoni momentum-frequeny index Q. This enables us
to distribute the verties aross proessors with respet
to this third index and to solve the Bethe-Salpeter equa-
tion with a loal matrix inversion. However, this storage
sheme puts a limit on the size of the problem that we
an address. For a node with 2 GBytes of memory, the
maximum value of nt that we an use if our variables are
omplex double preision is about 2500.
Unlike the Bethe-Salpeter equation, one an readily
observe that the parquet equation does not deouple in
terms of the third index. Solving this equation requires
a rearrangement of the matrix elements aross proes-
sors and this is the ommuniation bottlenek in the al-
gorithm. The rearrangement is neessary to obtain the
form of the vertex ladder Φ or Ψ that is required in the
parquet equation. For instane, in the d hannel, we need
Φ (P − P ′)P,P+Q. This form of the vertex ladder is ob-
tained by employing the three-step proess desribed in
the following equations:
Φ (Q)P,P ′ =⇒ Φ (Q)P,P−P ′ (13)
Φ (Q)P,P−P ′ =⇒ Φ (P − P
′)P,Q (14)
Φ (P − P ′)P,Q =⇒ Φ (P − P
′)P,P+Q (15)
0 0.2 0.4 0.6 0.8 1
τ/β
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FIG. 3: (olor online) Single-partile Green funtion G (τ ) for
the three diagrammati approahes and the DQMC. For this
temperature, the PA result (solid line) looks very lose to the
DQMC one (symbol solid line) as ompared to SC seond-
order (dashed line) or FLEX (dash-dotted line).
The rst step in this transformation only moves data
loally in memory. This does not require muh time. The
seond step is atually just a 2D matrix transpose but
with matrix elements spreading on many nodes. This
is where ommuniation aross nodes is required. It is
ahieved by using the standard Message Passing Interfae
(MPI) olletive diretives [14℄. The nal step is also
loal and an equally be done very fast.
IV. RESULTS
In the following setion, we will show the PA results for
a 4 × 4 Hubbard luster at half-lling. The alulations
are done for U = 2t and dierent temperatures. The al-
ulations are performed for a nite number of Matsubara
frequenies [13℄. However, for the observables we alu-
lated, suh as the loal moment and magneti suseptibil-
ity in Fig. 4 and Fig. 5, we performed an extrapolation
to an innite number of frequenies so that the uto
error in frequeny is minimized. To see how good PA
works for the lattie model, we use the DQMC result as
the benhmark. In the DQMC alulation, ∆τ = 1/12 is
used and the ombined statistial and systemati errors
are smaller than the symbols used. To further ompare
PA to other approximations, FLEX and self-onsistent
seond-order results are also inluded.
A. Single-partile Green funtion G (τ )
First, one an get a rough idea of how PA improves the
auray of physial observables by omparing the single-
partile Green's funtion from dierent levels of approx-
imation. Shown in Fig. 3 are Gk (τ) with k = (pi, 0)
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FIG. 4: (olor online) The inverse temperature dependene
of loal moment. Among the three diagrammati approahes,
the PA result omes losest to the DQMC one.
alulated from the self-onsistent seond-order approx-
imation, FLEX, PA and DQMC. The parquet result is
signiantly loser to the DQMC result than the seond-
order approximation and FLEX results as an readily
seen from the gure. This onrms the intuition that one
would get better results if the approximation is made on
the vertex whih is most irreduible.
B. Unsreened loal moment
Next we present results for the loal magneti moment
dened as
〈µ〉 ≡
〈
(n↑ − n↓)
2
〉
(16)
= 〈n〉 − 2 〈n↑n↓〉 (17)
where nˆσ denotes the number operator for eletrons of
spin σ. In the ontext of a onserving approximation, it
an be re-expressed in terms of the self-energy and the
single-partile Green's funtion as
〈µ〉 = 〈n〉 −
2T
U
Tr(ΣG) (18)
where the trae sums over both the momentum and the
frequeny degrees of freedom.
The results are shown in Fig. 4. Among the three di-
agrammati approahes, the PA result omes losest to
the DQMC one. If we look more arefully at the DQMC
urve, we an nd the existene of two humps. The hump
at T1 ≃ U/2, whih is well reprodued by the PA, desig-
nates the energy sale for the harge utuation, and is
diretly related to the suppression of harge double o-
upany. The other hump beginning at T2 ≪ t is related
to the virtual exhange interation, J, between nearby
spins. It is believed to be related to the synergism be-
tween the development of the long-range antiferromag-
neti orrelation and enhanement of the loal moment.
0 5 10β
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FIG. 5: (olor online) Uniform suseptibility alulated for
dierent methods as a funtion of inverse temperature. While
at the high temperature region, all the diagrammati method
results ome lose to the DQMC result, the PA shows its
advantage learly in the low temperature region.
As a result, a pseudogap is opened whih inreases the
entropy of the system [15, 16℄. The magnitude of T2
an be estimated by notiing J = 4t2/U for the strong
oupling limit and t exp (−2pit/U) in the weak oupling
limit [15, 17℄. Therefore it basially interpolates between
these two limits for that U = 2t is in the intermediate
oupling regime. This hump is not well aptured by PA.
The inreasing importane of envelop-shape diagram on-
tribution [3, 5℄ not inluded in PA is responsible for this
deviation in the low temperature region.
C. Uniform suseptibility
Finally, we look at the uniform magneti suseptibility
whih is dened as
χmag (0, 0) =
∫ β
0
dτ
〈
Tˆτ Sz (τ)Sz (0)
〉
(19)
=
1
T
〈
S2z
〉
(20)
with magneti moment dened as
Sˆz (τ) =
1
N
∑
r
(nr,↑ (τ)− nr,↓ (τ)) (21)
The χmag from dierent approahes are presented in
Fig. 5. The uniform magneti suseptibility alulated
from DQMC follows a nearly linear dependene on β.
This mimis losely the Curie-Weiss law of weakly inter-
ating moments and implies that the dominant eet in
the system is the short range magneti utuation. This
is onsistent with the β dependene of the loal moment
presented in Fig. 4. As the temperature still dominates
over the spin energy sale of the system, it suppresses the
long range utuation.
6From this gure, the improvement of PA over the other
two approximations is also easy to see. Similar to the
loal moment, the dierene between results from PA and
DQMC at the low temperature region an be explained
by the omission of envelop-shape diagrams in PA.
V. SUMMARY AND OUTLOOK
We have presented the parquet formalism, PA method
and in partiular the implementation we use to solve
large-sized problem. The preliminary appliation of PA
on the 4× 4 Hubbard luster shows that it an yield bet-
ter results than the self-onsistent seond-order or FLEX
alulations. This is the rst step in our work, next
we are going to use the parquet formalism in the so-
alled Multi-Sale Many-Body (MSMB) approah [18℄.
Within MSMB, orrelations at dierent length sales are
treated with dierent methods. The short length sales
are treated expliitly with QMC methods, intermediate
length sales treated diagrammatially using fully irre-
duible verties obtained from QMC and long length
sales treated at the mean eld level. Note that in this
approah the fully irreduible vertex is approximated by
a QMC alulation on a small luster, while in PA it
is approximated by the bare interation. Therefor this
approah should provide superior results to the PA. An-
other advantage is that it an also avoid the exponential
inrease of the omputational ost as the system size in-
reases, and thus an take full advantage of the most up-
to-date omputer resoures available. We will ombine
it with the Loal Density Approximation (LDA) to gain
some preditive power from the rst priniple eletroni
struture alulation.
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